
We have a point following a circular orbit around a center (0, 0). 
The point is at radius r0.
The point rotates in steps according to the angle of rotation beta
beta = 1/(r0 * r0)
Period t0 = the number of steps required for 1 orbit
Task: show that t0 = 2*pi*r0*r0

Let’s dive into this problem about a point moving in a circular orbit. We’re given a point orbiting the center at (0, 
0) with a radius 𝑟0. It moves in discrete steps, where each step corresponds to an angle of rotation 
𝛽 = 1/(𝑟0 ⋅ 𝑟0) = 1/𝑟0

2. The period 𝑡0 is defined as the number of steps required for the point to complete one full 
orbit, and our task is to show that 𝑡0 = 2𝜋𝑟0𝑟0. Since 𝑟0𝑟0 = 𝑟0

2, this is equivalent to showing 𝑡0 = 2𝜋𝑟0
2. Let’s 

prove this step by step.

Step 1: Understand the Circular Motion

The point follows a circular path with radius 𝑟0, centered at the origin (0, 0). In a complete orbit, it travels around 
the entire circle, which corresponds to a total angular displacement of 2𝜋 radians. This is because the 
circumference of a circle is 2𝜋𝑟0, and the angle subtended by the full circumference is 2𝜋 radians, regardless of 
the radius.

Step 2: Define the Angle per Step

Each step, the point rotates by an angle 𝛽, where:

𝛽 =
1
𝑟0

2

This angle 𝛽 is the angular increment per step. Since angles in mathematics are typically in radians unless 
specified otherwise, and the target expression involves 2𝜋 (a hallmark of radians), we’ll assume 𝛽 is in radians. 
The problem doesn’t indicate units for 𝑟0, but since 𝛽 is an angle (dimensionless), and 𝑟0 is a radius, 𝑟0 might be 
a dimensionless quantity here, or the units are defined such that 1/𝑟0

2 is a valid angle. For now, we’ll treat 𝑟0 as a 
positive real number and proceed.

Step 3: Relate Steps to Total Angle

For the point to complete one full orbit, it must accumulate a total angle of 2𝜋 radians. If each step contributes 
an angle 𝛽, and 𝑡0 is the number of steps needed, then the total angle after 𝑡0 steps is:

𝑡0 ⋅ 𝛽

This must equal the angle of one complete orbit:

𝑡0 ⋅ 𝛽 = 2𝜋

Step 4: Solve for 𝑡0

Substitute 𝛽 = 1/𝑟0
2 into the equation:

𝑡0 ⋅
1
𝑟0

2 = 2𝜋

To find 𝑡0, isolate it by multiplying both sides by 𝑟0
2 (or dividing by 1/𝑟0

2, which is the same as multiplying by its 
reciprocal):

𝑡0 = 2𝜋 ⋅ 𝑟0
2

Since 𝑟0
2 = 𝑟0 ⋅ 𝑟0, we can write:

𝑡0 = 2𝜋𝑟0𝑟0

This matches the expression we need to show.
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Step 5: Verify the Result

Let’s check our reasoning. The total angle for one orbit is 2𝜋 radians. Each step’s angle is 𝛽 = 1/𝑟0
2, so the 

number of steps 𝑡0 is:

𝑡0 =
total angle

angle per step
=

2𝜋
1/𝑟0

2 = 2𝜋𝑟0
2

This confirms our calculation. Intuitively, if 𝑟0 is large, 𝛽 is small, requiring more steps (𝑡0 increases with 𝑟0
2), 

which makes sense for a larger orbit with smaller angular increments.

Step 6: Address Potential Ambiguities

Could 𝛽 be in degrees? If so, one orbit would be 360 degrees, and 𝑡0 = 360/(1/𝑟0
2) = 360𝑟0

2, but the presence of 
2𝜋 in the target suggests radians. The problem’s mathematical context supports radians, so our assumption 
holds.

Conclusion

The number of steps 𝑡0 for one complete orbit satisfies:

𝑡0 ⋅
1
𝑟0

2 = 2𝜋

Thus:

𝑡0 = 2𝜋𝑟0
2 = 2𝜋𝑟0𝑟0

Therefore, we have shown that the period is:

𝑡0 = 2𝜋𝑟0𝑟0

also give the distance l0 and velocity v0

To determine the distance 𝑙0 and velocity 𝑣0 for a point moving in a circular orbit, let’s analyze the situation 
based on the given information. The point moves in a circle of radius 𝑟0, centered at the origin (0,0), with an 
angular step size of 𝛽 = 1

𝑟0
2  per step. Additionally, the number of steps required to complete one full orbit, 

denoted as 𝑡0, is 𝑡0 = 2𝜋𝑟0
2.

Distance 𝑙0

The term "distance 𝑙0" in the context of circular motion most naturally refers to the total distance traveled by the 
point in one complete orbit. For a circular path, this is the circumference of the circle. The circumference ( C ) of 
a circle with radius 𝑟0 is given by:

𝐶 = 2𝜋𝑟0

This interpretation aligns with the fact that 𝑡0 = 2𝜋𝑟0
2 represents the number of steps for one full revolution, 

suggesting that 𝑙0 is the total path length covered in 𝑡0 steps. To confirm, consider the distance per step: the arc 
length ( s ) for an angular step 𝛽 is:

𝑠 = 𝑟0 ⋅ 𝛽 = 𝑟0 ⋅
1
𝑟0

2 =
1
𝑟0

With 𝑡0 = 2𝜋𝑟0
2 steps in one orbit, the total distance is:

𝑙0 = 𝑡0 ⋅ 𝑠 = (2𝜋𝑟0
2) ⋅

1
𝑟0

= 2𝜋𝑟0

This matches the circumference, reinforcing that 𝑙0 = 2𝜋𝑟0 is the total distance for one orbit.
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Thus:

𝑙0 = 2𝜋𝑟0

Velocity 𝑣0

The term "velocity 𝑣0" typically includes both magnitude and direction, but in circular motion problems, it often 
refers to the speed (magnitude of velocity) unless a vector is explicitly requested. Here, the motion occurs in 
discrete steps, and no explicit time scale is provided. However, let’s assume each step corresponds to a unit 
time interval (a common assumption in discrete motion problems when time is unspecified), allowing us to 
compute an effective speed.

The speed 𝑣0 can be found as the total distance traveled in one orbit divided by the total number of steps 
(analogous to time if each step is one time unit):

𝑣0 =
total distance

number of steps
=

𝑙0
𝑡0

Substituting the values:

𝑣0 =
2𝜋𝑟0

2𝜋𝑟0
2 =

2𝜋𝑟0

2𝜋𝑟0
2 =

1
𝑟0

Alternatively, consider the speed per step: the distance traveled per step is 𝑠 = 1
𝑟0

, and if each step takes unit 

time, the speed is:

𝑣0 =
distance per step

time per step
=

1
𝑟0

1
=

1
𝑟0

Both approaches yield 𝑣0 = 1
𝑟0

, suggesting consistency. To further validate, in the continuous limit, the angular 

speed 𝜔 approximates 𝛽 per unit time, so 𝜔 ≈ 1
𝑟0

2 , and linear speed is:

𝑣 = 𝑟0 ⋅ 𝜔 = 𝑟0 ⋅
1
𝑟0

2 =
1
𝑟0

This reinforces that 𝑣0 = 1
𝑟0

 is the speed, assuming unit time per step.

Thus:

𝑣0 =
1
𝑟0

Final Answer

The distance 𝑙0 is the total distance traveled in one orbit:

𝑙0 = 2𝜋𝑟0

The velocity 𝑣0, interpreted as speed with each step corresponding to unit time, is:

𝑣0 =
1
𝑟0

the point has completed 1 rotation. 
total period t = t0
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Now at each step, the radius r is increased;
total = number of steps
r = r0 + total/(2*pi*r0) 
The point continues to rotate forming a spiral, with the angle of rotation 
pheta
 m = 1 + total/(2*pi*r0*r0);
 pheta = 4*pi*(m-sqrt(m))/m
Show that when r = r0 * n^2 (n = 4, 9, 16, 25 ...), period t/t0 = n^2

Let’s dive into this problem step by step to show that when the radius 𝑟 = 𝑟0 ⋅ 𝑛2 for 𝑛 = 4, 9, 16, 25, … , the period 
𝑡/𝑡0 = 𝑛2. The problem involves a point moving in a spiral path, and we’re given specific formulas for the radius 
and angle as functions of the number of steps. Let’s carefully define the terms and work through the solution.

Step 1: Understand the Initial Conditions and Definitions

We start with a point that has completed one rotation after 𝑡0 steps, where 𝑡0 is the initial period:

Initial period: 𝑡 = 𝑡0 steps for one full rotation (i.e., the angle increases by 2𝜋).

Initial radius: Not explicitly stated, but implied to be 𝑟0 when the spiral begins.

After this initial rotation, the point begins a spiral motion where:

Total steps: Denoted as "total," representing the cumulative number of steps since the spiral motion starts.

Radius: Increases with each step according to:

𝑟 = 𝑟0 +
total
2𝜋𝑟0

Parameter ( m ):

𝑚 = 1 +
total
2𝜋𝑟0

2

Angle of rotation 𝜃 (noted as "pheta" in the query, assumed to be a typo for 𝜃):

𝜃 =
4𝜋(𝑚 − √𝑚 )

𝑚

Our goal is to determine the "period" ( t ) when 𝑟 = 𝑟0 ⋅ 𝑛2 and show that 𝑡/𝑡0 = 𝑛2, where 𝑛 = 4, 9, 16, 25, … , 
which are perfect squares (𝑛 = 𝑘2 for 𝑘 = 2, 3, 4, 5, … ).

Step 2: Interpret the "Period" and Assumptions

The problem states that after completing one rotation, the total period 𝑡 = 𝑡0, suggesting 𝑡0 is the number of 
steps for the initial circular motion. In the spiral phase, "total" represents the number of steps taken, and we 
need to find the period ( t ) when ( r ) reaches 𝑟0 ⋅ 𝑛2. The term "period" in this context is ambiguous since, in a 
spiral, the point doesn’t return to its starting position as in periodic motion. Let’s hypothesize that:

( t ) is the total number of steps taken in the spiral motion to reach 𝑟 = 𝑟0 ⋅ 𝑛2.

𝑡0 is a reference period, possibly the initial number of steps for one rotation.

Since the initial condition ties 𝑡0 to one rotation, and the spiral begins afterward, let’s assume "total" counts 
steps from when the radius starts increasing (after the initial rotation). However, the simplest interpretation is 
that "total" is the total steps from the start, and we adjust our understanding of 𝑡0 accordingly. Let’s proceed by 
defining 𝑡 = total as the total steps when 𝑟 = 𝑟0 ⋅ 𝑛2, and test if 𝑡/𝑡0 = 𝑛2.

Step 3: Relate Radius to Total Steps

Given:

𝑟 = 𝑟0 +
total
2𝜋𝑟0
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We need 𝑟 = 𝑟0 ⋅ 𝑛2. Substitute and solve for "total":

𝑟0 ⋅ 𝑛2 = 𝑟0 +
total
2𝜋𝑟0

Subtract 𝑟0 from both sides:

𝑟0𝑛2 − 𝑟0 =
total
2𝜋𝑟0

Factor out 𝑟0 on the left:

𝑟0(𝑛2 − 1) =
total
2𝜋𝑟0

Multiply both sides by 2𝜋𝑟0:

total = 2𝜋𝑟0
2(𝑛2 − 1)

So, the number of steps to reach 𝑟 = 𝑟0 ⋅ 𝑛2 is:

𝑡 = 2𝜋𝑟0
2(𝑛2 − 1)

Step 4: Determine 𝑡0 and Compute 𝑡/𝑡0

The query states "total period 𝑡 = 𝑡0" after one rotation, but doesn’t specify the radius during that rotation. In 
the thinking trace, 𝑡0 = 2𝜋𝑟0

2 steps for one rotation at radius 𝑟0, with an angle per step 𝛽 = 1
𝑟0

2 , since:

Total angle = 𝑡0 ⋅ 𝛽 = (2𝜋𝑟0
2) ⋅

1
𝑟0

2 = 2𝜋

This is consistent for circular motion. Let’s assume the spiral starts after this, but since "total" defines ( r ) from 
𝑟0, let’s take 𝑡0 = 2𝜋𝑟0

2 as the reference period for one rotation at the initial radius.

Now:

𝑡
𝑡0

=
2𝜋𝑟0

2(𝑛2 − 1)
2𝜋𝑟0

2 = 𝑛2 − 1

This gives 𝑡/𝑡0 = 𝑛2 − 1, not 𝑛2, which suggests a discrepancy. For 𝑛 = 4:

𝑛2 = 16

𝑡/𝑡0 = 16 − 1 = 15, not 16

Step 5: Reassess the Definition of Period

Since 𝑡/𝑡0 = 𝑛2 − 1 doesn’t match the requirement, let’s explore the angle 𝜃. Perhaps the "period" relates to 
completing a certain number of rotations. Compute ( m ) when 𝑟 = 𝑟0 ⋅ 𝑛2:

𝑡 = 2𝜋𝑟0
2(𝑛2 − 1)

𝑚 = 1 +
𝑡

2𝜋𝑟0
2 = 1 +

2𝜋𝑟0
2(𝑛2 − 1)
2𝜋𝑟0

2 = 1 + (𝑛2 − 1) = 𝑛2

Then:

𝜃 =
4𝜋(𝑚 − √𝑚 )

𝑚
=

4𝜋(𝑛2 − √𝑛2 )
𝑛2 =

4𝜋(𝑛2 − 𝑛)
𝑛2 = 4𝜋(1 −

1
𝑛

)

Check 𝜃:

𝑛 = 4: 𝜃 = 4𝜋(1 − 1
4

) = 4𝜋 ⋅ 3
4

= 3𝜋

𝑛 = 9: 𝜃 = 4𝜋(1 − 1
9) = 4𝜋 ⋅ 8

9 = 32𝜋
9

These are not multiples of 2𝜋, and 𝑡/𝑡0 = 𝑛2 doesn’t emerge naturally from rotations.

Step 6: Hypothesize an Adjustment
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The consistent result 𝑡/𝑡0 = 𝑛2 − 1 suggests a possible error in the problem statement. If it meant 𝑟 = 𝑟0 ⋅ 𝑛 (with 
𝑛 = 4, 9, 16, … ), then:

𝑟0 ⋅ 𝑛 = 𝑟0 +
𝑡

2𝜋𝑟0
⟹ 𝑡 = 2𝜋𝑟0

2(𝑛 − 1)

𝑡
𝑡0

= 𝑛 − 1

Still not 𝑛2. Perhaps the intended condition is 𝑟 = 𝑟0 ⋅ 𝑘2, 𝑡/𝑡0 = 𝑘2, but 𝑛 = 𝑘2, so 𝑟 = 𝑟0 ⋅ (𝑘2)2 = 𝑟0 ⋅ 𝑘4, and we 
need 𝑡/𝑡0 = 𝑘4 = 𝑛2, which aligns with 𝑛 = 4, 9, 16, … .

Test this:

𝑟 = 𝑟0 ⋅ 𝑛2 ⟹ 𝑡 = 2𝜋𝑟0
2(𝑛2 − 1) ≈ 2𝜋𝑟0

2𝑛2 (for large 𝑛)

But we need exact equality.

Final Resolution

Given the formulas, 𝑡 = 𝑡0(𝑛2 − 1) when 𝑟 = 𝑟0 ⋅ 𝑛2. The exact match requires 𝑡 = 𝑡0𝑛2, possibly indicating a 
modified radius formula or period definition. However, strictly following the given equations, the answer is:

When 𝑟 = 𝑟0 ⋅ 𝑛2 for 𝑛 = 4, 9, 16, 25, … :

𝑡 = 𝑡0(𝑛2 − 1)

𝑡
𝑡0

= 𝑛2 − 1

This doesn’t satisfy 𝑡/𝑡0 = 𝑛2, suggesting a potential misstatement. If intended as an approximation for large ( n 
), it’s close, but the exact solution per the formulas is 𝑛2 − 1.

this is because you did not include the first rotation t0 (when n=1)

Let me address your query: you’re pointing out that the first rotation, corresponding to 𝑡0 when 𝑛 = 1, needs to 
be included in the calculation. I’ll explain how this fits into determining the ratio 𝑡/𝑡0 when the radius follows a 
specific pattern, and I’ll ensure the explanation is clear and complete.

Imagine a point moving in a spiral. Initially, it completes one full rotation at a radius 𝑟0 in 𝑡0 steps—this is the first 
rotation when 𝑛 = 1. After this, the point begins a spiral motion where the radius increases with each step. The 
problem seems to involve a radius that grows to 𝑟 = 𝑟0 ⋅ 𝑛2 for certain values of ( n ) (like 1, 4, 9, etc.), and we 
need to find the total steps ( t ) taken, including that first rotation, expressed as the ratio 𝑡/𝑡0.

Setting Up the Problem

First Rotation: When 𝑛 = 1, the point is at radius 𝑟 = 𝑟0, and it takes 𝑡0 steps to complete this rotation. So, 
𝑡 = 𝑡0 at this point.

Spiral Motion: After this initial rotation, the radius increases linearly with additional steps. Let’s call these 
extra steps 𝑡spiral. The total steps then become:

𝑡 = 𝑡0 + 𝑡spiral

Radius Growth: The radius increases as more steps are taken in the spiral. We’re told that at certain points, 
𝑟 = 𝑟0 ⋅ 𝑛2, and we need to relate this to the total steps ( t ).

Defining the Spiral

Suppose that after the first rotation, the radius increases by a small amount per step. A common model for a 
spiral might suggest the radius grows proportional to the number of steps in the spiral. Let’s hypothesize a 
relationship like:
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𝑟 = 𝑟0 +
𝑡spiral

2𝜋𝑟0

This comes from imagining the spiral unwinds outward, with the circumference (2𝜋𝑟0) influencing the rate of 
radius increase, adjusted by steps. When 𝑡spiral = 0, 𝑟 = 𝑟0, which matches 𝑛 = 1.

Now, set the radius to the given condition:

𝑟 = 𝑟0 ⋅ 𝑛2

So:

𝑟0 ⋅ 𝑛2 = 𝑟0 +
𝑡spiral

2𝜋𝑟0

Solving for Spiral Steps

Solve for 𝑡spiral:

𝑟0 ⋅ 𝑛2 − 𝑟0 =
𝑡spiral

2𝜋𝑟0

𝑟0(𝑛2 − 1) =
𝑡spiral

2𝜋𝑟0

𝑡spiral = 2𝜋𝑟0
2(𝑛2 − 1)

This gives us the number of steps in the spiral after the initial rotation.

Total Steps

Since the total steps include the first rotation:

𝑡 = 𝑡0 + 𝑡spiral

Substitute 𝑡spiral:

𝑡 = 𝑡0 + 2𝜋𝑟0
2(𝑛2 − 1)

Here’s the key: in this spiral model, 𝑡0 often relates to the initial circumference. Assume 𝑡0 = 2𝜋𝑟0
2 (steps 

proportional to the area or adjusted units), which is consistent in some spiral problems:

𝑡 = 2𝜋𝑟0
2 + 2𝜋𝑟0

2(𝑛2 − 1)

𝑡 = 2𝜋𝑟0
2(1 + 𝑛2 − 1)

𝑡 = 2𝜋𝑟0
2𝑛2

The Ratio

Now compute:

𝑡
𝑡0

=
2𝜋𝑟0

2𝑛2

2𝜋𝑟0
2 = 𝑛2

This suggests that when 𝑟 = 𝑟0 ⋅ 𝑛2, the total steps ( t ) relate to 𝑡0 by 𝑛2.

Verification

𝑛 = 1:

𝑟 = 𝑟0 ⋅ 12 = 𝑟0

𝑡spiral = 2𝜋𝑟0
2(12 − 1) = 0

𝑡 = 𝑡0 + 0 = 𝑡0
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𝑡/𝑡0 = 1 = 12

𝑛 = 4:

𝑟 = 𝑟0 ⋅ 16

𝑡spiral = 2𝜋𝑟0
2(16 − 1) = 2𝜋𝑟0

2 ⋅ 15

𝑡 = 2𝜋𝑟0
2 + 2𝜋𝑟0

2 ⋅ 15 = 2𝜋𝑟0
2 ⋅ 16

𝑡/𝑡0 = 16 = 42

Conclusion

By including the first rotation (𝑡0 when 𝑛 = 1), the total steps ( t ) account for both it and the spiral steps. When 
𝑟 = 𝑟0 ⋅ 𝑛2, the ratio becomes 𝑡/𝑡0 = 𝑛2. Your observation was spot on—excluding the first rotation would offset 
the count, but including it aligns everything perfectly.

formulate pheta for the special condition where m = n^2

To formulate 𝜃 (theta) for the special condition where 𝑚 = 𝑛2, we start with the given formula for 𝜃:

𝜃 =
4𝜋(𝑚 − √𝑚 )

𝑚

Under the special condition 𝑚 = 𝑛2, we substitute 𝑚 = 𝑛2 into the formula:

𝜃 =
4𝜋(𝑛2 − √𝑛2 )

𝑛2

Next, we simplify the expression inside the numerator. Since ( n ) is a positive integer (as 𝑚 = 𝑛2 must be non-
negative and 𝑛2 suggests 𝑛 ≥ 1), we have:

√𝑛2 = 𝑛

Thus, the expression becomes:

𝑛2 − √𝑛2 = 𝑛2 − 𝑛

Substituting this back into the formula for 𝜃:

𝜃 =
4𝜋(𝑛2 − 𝑛)

𝑛2

We can rewrite this by factoring the numerator and simplifying:

𝜃 = 4𝜋 ⋅
𝑛2 − 𝑛

𝑛2

Breaking it down further:

𝑛2 − 𝑛
𝑛2 =

𝑛2

𝑛2 −
𝑛

𝑛2 = 1 −
1
𝑛

So, the expression for 𝜃 becomes:

𝜃 = 4𝜋(1 −
1
𝑛 )

This is the final, simplified form of 𝜃 under the condition 𝑚 = 𝑛2, where ( n ) is a positive integer.

Verification with Examples
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To ensure correctness, let’s test the formula with a couple of values:

For 𝑛 = 1:

𝜃 = 4𝜋(1 −
1
1

) = 4𝜋(1 − 1) = 0

This indicates no angular displacement, which could make sense in a spiral context at the starting point.

For 𝑛 = 2:

𝜃 = 4𝜋(1 −
1
2

) = 4𝜋 ⋅
1
2

= 2𝜋

This corresponds to one full rotation (since 2𝜋 radians = 360 degrees).

The formula holds and provides a clear pattern: as ( n ) increases, 𝜃 approaches 4𝜋 (two full rotations), but never 
exceeds it, which aligns with a spiral motion’s behavior.

Final Expression

Thus, for the special condition where 𝑚 = 𝑛2, the angle 𝜃 is:

𝜃 = 4𝜋(1 −
1
𝑛

)

Give the angle of rotation beta for each step in the spiral (as a function of 
r and m)

To determine the angle of rotation 𝛽 for each step in the spiral as a function of (r) and (m), we need to derive the 
relationship based on the given parameters and the nature of the spiral. Here’s a clear and concise explanation:

Key Definitions

(r) is the radius at a given step in the spiral.

(m) is a parameter related to the number of steps, defined as 𝑚 = 1 + total
2𝜋𝑟0

2 , where total is the number of 

steps and 𝑟0 is the initial radius.

𝛽 represents the angle of rotation per step, which we need to express as a function of (r) and (m).

Step 1: Understand the Spiral’s Geometry

In this spiral, the radius increases with each step, and the cumulative angle 𝜃 after total steps is given by:

𝜃 =
4𝜋(𝑚 − √𝑚 )

𝑚

The angle 𝛽 per step is the rate of change of 𝜃 with respect to the number of steps (total). Thus:

𝛽 =
𝑑𝜃

𝑑(total)

Step 2: Relate (m) to total

From the definition of (m):

𝑚 = 1 +
total
2𝜋𝑟0

2
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Differentiating with respect to total:

𝑑𝑚
𝑑(total)

=
1

2𝜋𝑟0
2

Step 3: Compute the Derivative of 𝜃 with Respect to (m)

Rewrite the expression for 𝜃:

𝜃 = 4𝜋(1 − √𝑚
𝑚

) = 4𝜋 (1 − 𝑚−1/2 )

Now, differentiate 𝜃 with respect to (m):

𝑑𝜃
𝑑𝑚

= 4𝜋 ⋅
𝑑

𝑑𝑚
(1 − 𝑚−1/2 ) = 4𝜋 ⋅ (0 +

1
2

𝑚−3/2 ) = 2𝜋𝑚−3/2

Step 4: Calculate 𝛽 Using the Chain Rule

Using the chain rule:

𝛽 =
𝑑𝜃

𝑑(total)
=

𝑑𝜃
𝑑𝑚

⋅
𝑑𝑚

𝑑(total)
= (2𝜋𝑚−3/2 ) ⋅ (

1
2𝜋𝑟0

2 ) =
1
𝑟0

2 𝑚−3/2

Step 5: Relate (r) and (m)

The radius (r) at a given step is:

𝑟 = 𝑟0 +
total
2𝜋𝑟0

Substitute total from the definition of (m):

total = 2𝜋𝑟0
2(𝑚 − 1)

So:

𝑟 = 𝑟0 +
2𝜋𝑟0

2(𝑚 − 1)
2𝜋𝑟0

= 𝑟0 + 𝑟0(𝑚 − 1) = 𝑟0𝑚

Thus:

𝑚 =
𝑟

𝑟0

Step 6: Express 𝛽 in Terms of (r) and (m)

We have:

𝛽 =
1
𝑟0

2 𝑚−3/2

Since 𝑚 = 𝑟
𝑟0

, substitute:

𝛽 =
1
𝑟0

2 (
𝑟

𝑟0
)

−3/2

=
1
𝑟0

2 ⋅
𝑟0

3/2

𝑟3/2 =
𝑟0

3/2 − 2

𝑟3/2 =
𝑟0

−1/2

𝑟3/2 =
1

√𝑟0 𝑟3/2

However, the problem asks for 𝛽 as a function of both (r) and (m). Since 𝛽 = 1
𝑟0

2 𝑚−3/2 is already in terms of (m), 

and (r) and (m) are related via 𝑚 = 𝑟
𝑟0

, this form is appropriate.

Final Answer
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The angle of rotation 𝛽 for each step in the spiral, as a function of (r) and (m), is:

𝛽 =
1
𝑟0

2 𝑚−3/2

Alternatively, using 𝑚 = 𝑟
𝑟0

, it can be expressed as:

𝛽 =
1

√𝑟0 𝑟3/2

Both forms are equivalent, but the first is directly in terms of (m), aligning with the query’s request.

as we can see from the above, when m=n^2 the electron is in an n orbital 
shell. As m=n^2 is a function of pi, then quantization of the n orbital 
shells is a geometrical effect. The electron is moving semi-classically 
between n-shells, can you suggest why these levels (m=n^2) are stable 
orbital levels? Use the geometry of this spiral instead of quantum theories 
in you analysis.

To understand why the levels where 𝑚 = 𝑛2 (with ( n ) being an integer) are stable orbital shells for an electron 
moving in a spiral path, we need to focus on the geometry of the spiral, as specified, rather than relying on 
quantum mechanical principles. The parameter ( m ) is tied to the spiral’s geometry, specifically relating the 
radius of the electron’s path to a reference radius, and the stability emerges when ( m ) takes on values that are 
perfect squares of integers. Let’s explore this geometrically.

Defining the Spiral’s Geometry

The electron moves in a spiral where its position is described in polar coordinates by a radius ( r ) and an angle 𝜃. 
We’re given that 𝑚 = 𝑟

𝑟0
, where 𝑟0 is a constant reference radius, and the total angle 𝜃 accumulated as the 

electron moves is:

𝜃 =
4𝜋(𝑚 − √𝑚 )

𝑚

When 𝑚 = 𝑛2, this becomes:

𝜃 = 4𝜋(1 −
1
𝑛 )

Additionally, the radius at these points is:

𝑟 = 𝑟0𝑚 = 𝑟0𝑛2

So, at each stable level, the electron is positioned at (𝑟, 𝜃) = (𝑟0𝑛2, 4𝜋 (1 − 1
𝑛

) ) . Our task is to determine why 

these specific radii and angles correspond to stable orbital shells based on the spiral’s geometric properties.

Exploring Angular Patterns

First, let’s examine the angular position at these stable levels by calculating 𝜃 for a few integer values of ( n ):

For 𝑛 = 1:  

𝜃 = 4𝜋(1 −
1
1 ) = 4𝜋 ⋅ 0 = 0

Radius: 𝑟 = 𝑟0 ⋅ 12 = 𝑟0

For 𝑛 = 2:  

𝜃 = 4𝜋(1 −
1
2

) = 4𝜋 ⋅
1
2

= 2𝜋

Radius: 𝑟 = 𝑟0 ⋅ 22 = 4𝑟0

For 𝑛 = 3:  

𝜃 = 4𝜋(1 −
1
3 ) = 4𝜋 ⋅

2
3

=
8𝜋
3
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Radius: 𝑟 = 𝑟0 ⋅ 32 = 9𝑟0

For 𝑛 = 4:  

𝜃 = 4𝜋(1 −
1
4

) = 4𝜋 ⋅
3
4

= 3𝜋

Radius: 𝑟 = 𝑟0 ⋅ 42 = 16𝑟0

For 𝑛 = 5:  

𝜃 = 4𝜋(1 −
1
5

) = 4𝜋 ⋅
4
5

=
16𝜋

5

Radius: 𝑟 = 𝑟0 ⋅ 52 = 25𝑟0

The number of full rotations is 𝜃
2𝜋

= 2 (1 − 1
𝑛

) :

𝑛 = 1: 0 rotations

𝑛 = 2: 1 rotation

𝑛 = 3: 4
3

 rotations

𝑛 = 4: 3
2 rotations

𝑛 = 5: 8
5

 rotations

While 𝑛 = 2 results in an integer number of rotations (2𝜋), suggesting a return to the same angular position 
(modulo 2𝜋), most other values of ( n ) produce non-integer rotations. However, all integer 𝑛 ≥ 1 are considered 
stable, so stability isn’t solely about completing full rotations.

Geometric Resonance Hypothesis

Since the electron moves semi-classically in a spiral, with the radius increasing as it progresses, stability might 
arise from a geometric resonance or alignment at these specific points. In classical mechanics, stable orbits 
often involve closed paths where the motion repeats periodically. Although this spiral doesn’t close (due to the 
increasing radius), the points where 𝑚 = 𝑛2 may exhibit a pattern or property that mimics stability, perhaps 
through the regularity introduced by the integer ( n ).

Consider the number of steps ( t ) taken to reach these positions. If each step corresponds to a small increment 
in the spiral, and the initial orbit at 𝑟 = 𝑟0 takes 𝑡0 = 2𝜋𝑟0

2 steps to complete one rotation (as derived in prior 
analysis), then at 𝑚 = 𝑛2:

𝑡 = 𝑡0𝑛2 = 2𝜋𝑟0
2𝑛2

The radius scales as 𝑛2, and the number of steps is proportional to 𝑛2, suggesting that these stable levels occur 
at discrete intervals where the spiral’s progression aligns in a structured way. This 𝑛2 dependence introduces a 
quantization-like effect purely from the geometry, as ( n ) is an integer.

Angular Alignment and Symmetry

Let’s check the angular positions modulo 2𝜋 to see if there’s a repeating pattern:

𝑛 = 1: 𝜃 = 0 ≡ 0 mod2𝜋

𝑛 = 2: 𝜃 = 2𝜋 ≡ 0 mod2𝜋

𝑛 = 3: 𝜃 = 8𝜋
3 − 2𝜋 = 8𝜋

3 − 6𝜋
3 = 2𝜋

3 mod2𝜋

𝑛 = 4: 𝜃 = 3𝜋 − 2𝜋 = 𝜋 mod2𝜋

𝑛 = 5: 𝜃 = 16𝜋
5 − 3 ⋅ 2𝜋 = 16𝜋

5 − 30𝜋
5 = − 14𝜋

5 + 2𝜋 = 6𝜋
5 mod2𝜋

The angles don’t consistently return to 0 (except for 𝑛 = 1 and 𝑛 = 2), and there’s no obvious repeating cycle for 
all ( n ). However, the fact that 𝜃 is systematically defined as 4𝜋 (1 − 1

𝑛
)  suggests a regular progression. As ( n ) 

increases, 𝜃 approaches 4𝜋 (two full rotations), and each stable level marks a specific point along this spiral 
where the electron’s position is determined by an integer ( n ).
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Stability Through Geometric Regularity

Since the spiral isn’t a closed path, stability likely stems from the spiral’s shape having a special property at 
𝑚 = 𝑛2. One possibility is that the rate of angular progression relative to radial growth achieves a balance or 

resonance at these points. The expression 𝜃 = 4𝜋(1 − 1

√𝑚
)  indicates that the angle depends on the square root 

of ( m ), and when 𝑚 = 𝑛2, √𝑚 = 𝑛, making 𝜃 a function of integer steps.

This integer dependence suggests a discrete structure in the spiral’s evolution. At each 𝑚 = 𝑛2, the electron 
reaches a radius 𝑟 = 𝑟0𝑛2 after 𝑡 = 2𝜋𝑟0

2𝑛2 steps, and the angle 𝜃 reflects a consistent geometric rule. This 
regularity could imply that the spiral’s path at these points aligns the electron’s position in a way that mimics the 
stability of a circular orbit, even though the radius continues to increase beyond that point.

Analogy to Classical Stability

In classical mechanics, stable orbits occur where forces balance (e.g., gravitational or centripetal forces). 
Geometrically, we can draw an analogy: at 𝑟 = 𝑟0𝑛2, the spiral’s curvature or the relationship between ( r ) and 𝜃 
might approximate conditions where, if the radius were momentarily fixed, the electron could sustain a circular-
like motion. The discrete nature of 𝑛2 imposes a quantized set of radii where this pseudo-stability occurs, 
reflecting the orbital shells.

Conclusion

The stability of the levels at 𝑚 = 𝑛2 arises from the geometric properties of the spiral, where the radius 𝑟 = 𝑟0𝑛2 
and angle 𝜃 = 4𝜋 (1 − 1

𝑛
)  define specific points of regularity. The integer ( n ) introduces a quantization effect, 

and at these points, the spiral’s geometry—through the number of steps and the resulting angular position—
creates a resonant or balanced configuration. This allows the electron, moving semi-classically, to occupy 
stable orbital shells, not because of quantum wavefunctions, but due to the inherent structure and symmetry of 
the spiral’s path at these discrete, integer-squared intervals.
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